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ON THE DYNAMICAL EQUATIONS OF A SYSTEM
OF LINEARLY COUPLED NONLINEAR OSCILLATORS

S. N. Bak 
1  and  A. A. Pankov 

2 UDC 517.97

We consider a system of differential equations that describes the dynamics of an infinite chain of
linearly coupled nonlinear oscillators.  Some results concerning the existence and uniqueness of
global solutions of the Cauchy problem are obtained. 

1.   In the present work, we study equations that describe the dynamics of an infinite chain of linearly
coupled nonlinear oscillators.  Let  qn  be the generalized coordinate of the  n th oscillator.  If it does not interact
with neighboring oscillators, then the equation of its motion is as follows: 

˙̇ ( )q U qn n n= − ′ ,      n∈Z.

We assume that each oscillator interacts linearly with two nearest neighbors.  Then the equations of motion of
the system considered have the form 

˙̇qn   =  – ′ + − − −− − +U q a q q a q qn n n n n n n n( ) ( ) ( )1 1 1 ,      n∈Z. (1)

Equations (1) form an infinite system of ordinary differential equations.  We consider solutions of system (1)
such that 

lim ( )
n

nq t
→±∞

  =  0, (2)

i.e., the oscillators are at rest at infinity. 
Systems of this type are of interest in connection with numerous physical applications [1, 2].  Running

waves in such chains were studied in [3], and solutions periodic in time were considered in [4, 5]. 
In the present work, we consider the problem of the well-posedness of the Cauchy problem for system (1). 

2.  We write the potential  Un  in the form 

U r
c

r V rn
n

n( ) ( )= − +
2

2

and set 
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b c a an n n n= − − −1.

Then Eq. (1) takes the form 

˙̇qn   =  a q a q b q V qn n n n n n n n+ − −+ + − ′
1 1 1 ( ),      n∈Z. (3)

With regard for the boundary conditions (2) and under proper assumptions, this equation can naturally be consid-
ered as an operator-differential equation, namely 

˙̇ ( )q Aq B qn = − , (4)

in the Hilbert space   l 
2

   of real two-sided sequences  q  =  { }qn n=−∞
∞ ;  here, 

( )Aq n  =  a q a q b qn n n n n n+ − −+ +1 1 1

and the nonlinear operator  B  is defined as follows: 

B q V qn n n( ) ( )= ′ .

The scalar product and norm in  l2   are denoted by  ( , )⋅ ⋅   and  ⋅ ,  respectively. 

By definition, a solution of Eq. (4) is a twice differentiable function of  t  with values in  l 
2. 

Assume that the following conditions are satisfied: 

(i) the sequences  { }an   and  { }cn   of real numbers are bounded; 

(ii) V rn( )   is a function of the class  C 
1  on  R,  V Vn n( ) ( )0 0 0= ′ = ,  and, for any  R  > 0,  there exists

C C R= >( ) 0   such that the following relation holds for all  n∈Z  : 

′ − ′V r V rn n( ) ( )1 2   ≤  C r r1 2− ,      r1 ,  r2   ≤  R. (5)

It is easy to see that, under these conditions,  A  is a bounded self-adjoint operator in  l 
2  and the operator  B  is

bounded and Lipschitz-continuous on every ball of the space  l  
2.  Then, as a consequence of the standard result

on local solvability, we conclude that the following theorem is true: 

Theorem 1.  Suppose that conditions (i) and (ii) are satisfied.  Then, for any  q l( )0 2∈   a n d   q l( )1 2∈ ,

Eq. (3) has a unique solution of the class  C  
2  defined on a certain interval  ( ; )− t t0 0   and satisfying the initial

conditions 

q q( ) ( )0 0= ,      ˙( ) ( )q q0 1= . (6)

The theorem on global solvability presented below is a consequence of Theorem 1.2 in [6, Chap. 8]. 

Theorem 2.  Suppose that conditions (i) and (ii), where the constant  C  is independent of  R,  are satis-

fied.  Then, for any  q l( )0 2∈   and  q l( )1 2∈ ,  problem (4), (6) has a unique solution defined for all  t ∈R. 
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3.  The conditions of Theorem 3 mean, in particular, that the order of growth of the potential  Vn  at infinity
does not exceed  2.  In order to weaken this condition, we note that Eq. (4) can be written in the Hamilton form
with the Hamiltonian 

H p q( , )   =  1
2

2p Aq q V q
n

n n− +
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥=−∞

∞

∑( , ) ( ) ,

where  p q= ˙ .  Under conditions (i) and (ii),  H p q( , )   is a functional of the class  C 
1  on  l  

2 × l 
2,  and a direct

calculation shows that  H  is an integral of Eq. (4), i.e.,  H ( p ( t ), q ( t ))  does not depend on  t  for any solution

q ( t )  of Eq. (4). 

Theorem 3.  In addition to conditions (i) and (ii), suppose that the operator  A   is nonpositive, i.e.,

( , )Aq q ≤ 0   for any  q l∈ 2 .  Also assume that one of the following two conditions is satisfied: 

(a) V rn( ) ≥ 0  for all  n∈Z  and  r ∈R  ; 

(b) there exists a nondecreasing function  h ( r ) ,  r ≥ 0 ,  such that  lim ( )
n

h r
→+∞

= +∞   a n d   V rn ( ) ≥

h r( )   for all  n∈Z  and  r ∈R .

Then, for any  q l( )0 2∈   and  q l( )1 2∈ ,  problem (4), (6) has a unique solution defined for all  t ∈R. 

Proof.  Case (a).  Let  q ( t )  be a local solution of problem (4), (6), which exists by virtue of Theorem 1.  In

order to prove that  q ( t )  is defined on the entire axis, it is sufficient to show that  q t q t( ) ˙( )+   remains
bounded on any finite interval  ( , )−a a   where the solution exists (see, e.g., Theorem X.74 in [7]). 

We have 

H q t q t( ˙( ), ( ))  =  H q q( )( ) ( ),1 0 .

By virtue of the conditions of Theorem 3 and the definition of Hamiltonian, we get 

1
2

2
2˙( )q t
l

  ≤  H q q( )( ) ( ),1 0 .

Hence,  ˙( )q t   is bounded on  ( , )−a a .  Since 

q ( t )  =  
0

0
t

q d q∫ +˙( ) ( )τ τ ,

we conclude that  q t( )   is bounded. 

Case (b).  Let  H0 0≥   be such that  H q q H( )( ) ( ),1 0
0≤   and let  r > 0   be a solution of the equation

h r H( ) = 0   (it obviously exists).  It follows from the definition of  H  and the conditions of Theorem 3 that

h q Hn( )( )0
0≤   and, hence,  q rn

( )0 ≤ .  Consider the function  ψ ( r )  defined by the equality 
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ψ ( r )  =  

1 0

1 1

0 1

, ,

, ,

, .

≤ ≤

− + + ≤ ≤ +

≥ +

⎧

⎨
⎪

⎩
⎪

r r

r r r r r

r r

We set 

˜ ( )V rn   =  
0

1
r

nV d∫ ′ + −[ ( ) ( ) ( ( ))]ψ ρ ρ ψ ρ ρ .

It is easy to verify that the modified equation (3) with potential  Ṽn   satisfies the conditions of Theorem 2 and,

hence, has a global solution  q ( t )  with initial data  q( )0   and  q( )1 .  By elementary calculations, we obtain
˜ ( ) ( )V r h rn ≥ ,  where 

˜( )h r   =  

h r r r

r r h r h d r r r r r r r

r h d r r r r

r

r

r

r

( ), ,

( ) ( ) ( ) , ,

( ) ( ) , .

0

1
3 2 6

1

1
3 6

1

3 2 3

2 1 2 3

≤ ≤

+ − + + − +⎛
⎝⎜

⎞
⎠⎟

≤ ≤ +

+ + + +⎡
⎣⎢

⎤
⎦⎥

≥ +

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

∫

∫
+

ρ ρ

ρ ρ

For the modified Hamiltonian  H̃ ,  we get  ˜ ( ( ), ( ))H p t q t  = ˜ ,( )( ) ( )H q q1 0 .  Since  q rn
( )0 ≤ ,  we conclude

that  ˜ ,( )( ) ( )H q q1 0  ≤ H0 .  Hence,  ˜( )h qn   ≤  H0 .  Further, since  ˜( )h r   ≥  ˜(˜)h r   =  h r(˜)   =  H0,  we have  q rn ≤ ˜ .

Taking into account that the modified equation coincides with the original one for  q ( t ),  we complete the proof
of Theorem 3. 

Under certain additional assumptions, the nonpositivity conditions in Theorem 3 can be omitted. 

Corollary 1.  Suppose that the conditions of Theorem 3 [case (b)] except the condition of the nonpositivity

of the operator  A  are satisfied and, furthermore,  lim ( ) /r h r r→+∞ = +∞2 .  Then problem (4), (6) has a

unique global solution for any  q l( )0 2∈   and  q l( )1 2∈ . 

Proof.  We represent  Un  in the form 

U rn( )   =  – 
c

r V r rn
n

− + −2
2

2 2λ λ( ( ) ) ,

where  λ  >  0  is sufficiently large.  Then the new operator  A  corresponding to the coefficients  an  and  cn − 2λ
is nonpositive.  At the same time, we have 

V r rn( ) − λ 2   ≥  h r r( ) − λ 2  =  h r r
h r

( ) −
( )

⎛
⎝⎜

⎞
⎠⎟

1
2

λ  .
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Hence, 

V r rn( ) − λ 2   ≥  k h r k1 2( ) − ,

where  k1 0 1∈( , )   and  k2 0≥ .  It remains to use Theorem 3 with  h ( r )  replaced by  k h r k1 2( ) − . 
Corollary 1 is proved. 

Corollary 1 can be applied, e.g., to potentials of the form  V r r rn n n( ) = +α β3 4,  where the sequences  αn

and  βn  are bounded and  βn  ≥  κ  >  0. 

4.  The arguments of Sec. 3 are also valid for singular potentials of the Lennard-Jones type [8].  We pre-
serve condition (i) and replace condition (ii) by the following one: 

(iii) the function V rn( )   belongs to  C 
1  on  ( , )−∞ d ,  d > 0,  and, on every finite interval  [ , ]α β ⊂

( , )−∞ d ,  inequality (5), where the constant  C  does not depend on  n∈Z  but possibly depends on
the interval, is true. 

Theorem 4.  Suppose that conditions (i) and (iii) are satisfied, the operator  A  is nonpositive, and there

exists a function  h  ( r )  on   ( , )−∞ r   that does not increase on some interval  ( , )−∞ α0 ,  does not decrease on

( )α0 d ,  and satisfies the conditions  lim ( )r d h r→   = lim ( )r h r→−∞   =  + ∞  and   V r h rn( ) ( )≥   for all  n∈Z
and  r d∈ −∞( , ).  Then problem (4), (6) has a unique global solution for all  q l( )0 2∈   a n d   q l( )1 2∈   such

that  q dn
( )0 < . 

The proof of Theorem 4 is analogous to that of Theorem 3 [case (b)].  The potential  V rn( )   is glued with
the quadratic potential on some intervals  ( , )α α ε0 0 +   and  ( , )− − −β β0 0 1 .  Applying Theorem 2 to the modified
equation, we verify that its solution is indeed a solution of the original equation. 

Note that the solutions  q tn ( )   satisfy the inequality  q t dn( ) <   for all  t ∈R.  Since the set  { :q l∈ 2

q d nn < ∈, }Z   is not open in  l2 ,  the classical results on the local solvability cannot be used in the case under
consideration. 

5.  Now consider the case 

V r
d

rn
n( ) =

3
3,

where  dn  is a bounded sequence.  Assume that the operator  A  is negative definite, i.e.,  ( , )Aq q   ≤   −α0
2q ,

α0 > 0,  for  q l∈ 2 . 
We set 

J ( q )  =  – 
1
2

1
3

3( , )Aq q d qn n
n

+
∈
∑

Z
  =  1

2
1
3

a q b q( ) ( )+ .
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Note that  a q( ) /1 2   is the norm in  l2   equivalent to the standard one.  Then 

H p q p J q( , ) ( )= +1
2

2 .

Since  b q c q c q
l

( ) ≤ ′ ≤ ′′3
3 3,  there exists a constant  c  >  0  such that 

b q( ) /1 3  ≤  ca q( ) /1 2 ,      q l∈ 2 . (7)

We set 

γ  =  inf sup ( ) : ,
λ

λ
≥

∈ ≠
⎧
⎨
⎩

⎫
⎬
⎭0

2 0J q q l q . (8)

Lemma 1.  γ  ≥  1 6 6/ ( )c . 

Proof.  We have 

J q a q b q( ) ( ) ( )λ λ λ= +
2 3

2 3
.

If  b q( ) ≥ 0,  then 

sup ( )
λ

λ
≥0

J q   =  + ∞ ,

and if  b q( ) < 0,  then 

sup ( )
λ

λ
≥0

J q   =  J
a q
b q

q−⎛
⎝⎜

⎞
⎠⎟

( )
( )

  =  1
6

3

2
a q
b q

( )
( )

.

Inequality (7) yields the required result. 
We set 

Wγ  =  q l J q∈ ≤ < ∀ ∈{ }2 0 0 1: ( ) [ , ]λ γ λ . (9)

It is obvious that  Wγ  is star-shaped with respect to the origin, i.e., if  q W∈ γ ,  then  θ γq W∈   for any  θ ∈[ , ]0 1  . 

Lemma 2.  The set  Wγ  contains an open ellipsoid 

B q l a q= ∈ <{ }2 : ( ) ρ

for any  ρ  such that  ρ ≤ 9 4 2/ ( )c   and  ρ ρ γ/ /( ) /2 33 3 2+ <c . 
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Proof.  By virtue of (7), we have 

λ λ λ λ λ2 3 3
3 2

2 3 3
3 2

2 3 2 3
a q c a q J q a q c a q( ) ( ) ( ) ( ) ( )/ /− ≤ ≤ + .

Hence,  J q( )λ ≥ 0  for any  λ ∈[ , ]0 1 ,  provided that 

1
2 3

0
3

1 2− ≥λc
a q( ) /       ∀ ∈λ [ , ]0 1 .

Therefore, if  a q c( ) ( )/≤ 9 4 2 ,  then  J q( )λ γ<   by virtue of the second condition for  ρ. 
Lemma 2 is proved. 

We set 

W∗,γ   =  q l a q b q J q∈ + > <{ }2 0: ( ) ( ) , ( ) γ .

It follows from the continuity of functionals  a ( q )  and  b ( q )  that  W∗,γ   is an open set. 

Lemma 3.  Wγ  =  W B∗,γ ∪ . 

Proof.  It suffices to show that    W Wγ γ= ∗, { }∪ 0 . 

Let  q W∈ γ ,  q  ≠  0.  If  b q( ) ≥ 0,  then  a q b q( ) ( )+ > 0  and  J q( ) < γ .  If  b q( ) < 0,  then 

sup ( ) ( )
( )

J q J
a q
b q

qλ γ= −⎛
⎝⎜

⎞
⎠⎟
≥ .

Therefore,  − >a q b q( ) ( )/ 1  and  J q( ) < γ ,  whence  q W∈ ∗,γ . 
Conversely, let  q W∈ ∗,γ .  If  b q( ) ≥ 0,  then 

sup ( ) ( )
[ , ]λ

λ γ
∈

= <
0 1

J q J q

and  q W∈ γ .  If  b q( ) < 0,  then the inequality  − >a q b q( ) ( )/ 1  yields 

sup ( ) ( )
[ , ]λ

λ
∈

=
0 1

J q J q ,

which gives the required result. 

By virtue of the openness of  W∗,γ   and  B,  Lemma 3 implies that the set  Wγ  is open, i.e., it is a neighbor-

hood of zero in  l2 . 

Lemma 4.  Wγ  is a bounded set. 
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Proof.  If  b q( ) ≥ 0,  then  J q a q( ) ( ) /≥ 2   and  a q( ) < 2γ .  If  b q( ) < 0,  then, according to Lemma 3,
we have  b q a q( ) ( )> − .  Hence,  J q a q( ) ( ) /> 6  and  a q( ) < 6γ .  Thus,  Wγ  is contained in the bounded set

q l a q∈ <{ }2 6: ( ) γ . 

Theorem 5.  Suppose that  V r d rn n( ) ( )/= 3 3,  where   dn  is a bounded sequence, the operator  A   i s

negative definite, and  q W( )0 ∈ γ   and  q l( )1 2∈   are such that 

1
2

1 2 0q J q( ) ( )( )+   <  γ.

Then the Cauchy problem with initial data  q( )0   and  q( )1   has a unique global solution. 

Proof.  The existence and uniqueness of a local solution  q ( t )  follow from Theorem 1.  As in the proof of

Theorem 3 [case (a)], it suffices to show that  q ( t )  remains bounded. 
Let us show that  q t W( )∈ γ .  Assume that this is not true and  t1 0>   is the least value of  t  >  0  for which

q t W( )1 ∉ γ .  Then  q t( )1   belongs to the boundary  ∂ γW   of the set  Wγ.  Since  Wγ  is star-shaped, we have

θq t( )1  ∈ Wγ   for any  θ ∈[ , )0 1 .  Hence,  J q t( )( )θ γ1 < .  Passing to the limit as  θ → 1,  we get  J q t( )( )1 ≤ γ .

If  J q t( )( )1 < γ ,  then, by virtue of the definition of  Wγ  and the inequality  J q t( )( )θ γ1 < ,  we have  q t W( )1 ∈ γ ,

which contradicts the assumption made above.  Thus,  J q t( )( )1  = γ. 
Since the Hamiltonian  H  is invariant, we have 

J q t( )( )1   ≤  1
2 1

2
1˙( ) ( )( )q t J q t+   =  1

2
1 2 0q J q( ) ( )( )+   <  γ .

The contradiction obtained shows that  q t W( )∈ γ   for all  t  >  0  for which  q  is defined.  Therefore, the solution

exists for all  t  >  0. 
Since Eq. (1) is invariant under the replacement of  t  by  – t,  the solution is defined for all  t ∈R. 
Theorem 5 is a discrete analog of a result of [9] related to a nonlinear wave equation.  In particular, this the-

orem yields the global solvability of the Cauchy problem in the case where the initial data are sufficiently small

in the  l2-norm. 
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